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Abstract 

It is known that the three dimensional Navier-Stokes system for an incompressible 
fluid in the whole space has a one parameter family of explicit stationary solutions, 
which are axisymmetric and homogeneous of degree —1. We show that these 
solutions are asymptotically stable under any L^-perturbation. 
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1 Introduction 

The initial value problem for the Navier-Stokes system describing a motion of a viscous 
incompressible fluid in the whole three dimensional space has the form 

ut- Au + {u-V)u + Vp = F, G X (0,oo) (1.1) 

divM = 0, (1.2) 
u{x, 0) = uo{x). (1.3) 
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Here, the velocity u = {ui,U2,U3) and the scalar pressure p are unknown. Moreover, uq 
and F denote a given initial velocity and a given external force, respectively. 

It is well-known, since the pioneer work of Leray [18], that for each uq G (L^(M^)) 
satisfying divuo = and for F = 0, problem (11. ip possesses a weak solution, satisfying 
a suitable energy inequality (see the monograph [28j for analogous results with nonzero 
F). The uniqueness and the regularity of weak solutions still remain open. In ITF 
Leray posed a question whether a weak solution u = u{x,t) tends to zero in L' 



as 

t oo, which was affirmatively solved by Kato [12] in the case of strong solutions and 
Masuda [21] for weak solutions satisfying a strong energy inequality. Next, Schonbek [24J 
obtained decay rates for the L^-norm of weak solutions using elementary properties of 
the Fourier transform. The ideas from [23] were developed and generalized by Wiegner 
|30] . We refer the reader to monographs [281 [13 for results on the existence of weak 
and strong solutions to (ll.ip -f lL3|) and to the review article [7] for a discussion of recent 
results of the large time behavior of solutions. 

If F = in problem (ll.ip - (ll.3p . the L^-decay of weak solutions can be understood as 
the global asymptotic stability in L^(M'^) of the trivial stationary solution {u,p) = (0, 0). 
In this work, we address analogous questions on the global asymptotic stability of the 
family of stationary solutions to (ll.ip - (ll.2p given by the following explicit formulas 
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where |x| = y^xf~+x|~+xf and c is an arbitrary constant such that |c| > 1. The 
functions Vc and Pc defined in (ll.4p satisfy (II. ip with F = in the pointwise sense 
for every x G M'^ \ {0}. On the other hand, if one treats them as a distributional 
or generalized solution to (11.11) in the whole M^, they correspond to the very singular 
external force F = (6(c)(5o, 0, 0), where the parameter 6 7^ depends on c and 60 stands 
for the Dirac measure. Indeed, in [51 Proposition 2.1.] (see also [H p. 206]), it was 
shown that for every test function ip G C^(M'^) the following equalities hold true 



fc(x) ■ Vip{x) dx = 



and 



oxk J if A; = 2, 3, 



where 



b{c) 



Sire 



.(^2 + 6c2-3c(c2-l)log(^ 



1.5) 



3(c2 - 1) 

In particular, the function b = b{c) is decreasing on (—00, —1) and (1, +00). Moreover 
limc_i.i 6(c) = +00, limc_i._i 6(c) = —00 and lim|c[^oo 6(c) = 0. 
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These explicit stationary solutions to f ll.ip - fll.2p were first calculated by Landau [15] 
and now they can be found in standard textbooks (see e.g. [T6] p. 82] and p] p. 206]). 
Let us also recall that the stationary solutions flL4p were also independently found by 
Squire [26j and discussed in [5l [29] from a slightly different point of view. The main idea 
of Landau's calculation is that if we impose the additional axi-symmetry requirement, 
the stationary Navier-Stokes system 

- Am + (m • V)m + Vp = 0, div m = 0, (L6) 

reduces to a system of ODEs which can be solved explicitly in terms of elementary 
functions. Moreover, Sverak [27] proved recently that even if we drop the requirement of 
axi-symmetry, then the Landau solutions (11.40 are still the only solutions of (II. 6p which 
are invariant under the natural scaling. More precisely, he proved that if m : M'^ \ {0} — > 
is a non-trivial smooth solution of (11.60 satisfying \u{\x) = u{x) for all a; G M'^ \ {0} 
and each A > 0, then {u,p) = (vcPc) is given by formulas (ll.4p (modulo a rotation of 

The goal of this work is to show that problem (ll.ip - (ll.3p has a weak solution for 
every initial datum of the form uq = Vc + Wq, where Wq G L^(]R'^) and the external force 
F = (6(c)5o,0,0) with 6(c) defined in (11.50 . provided |c| is sufficiently large. Moreover, 
this solution converges, as t — oo, towards the stationary solution (11.40 . In other words, 
we show that the flow described by the Landau solution is, in some sense, asymptotically 
stable under any L^-perturbation. 

The existence and stability of stationary solutions corresponding to nontrivial ex- 
ternal forces are well understood in the case of bounded domains, see for example [8]. 
For related results in exterior domains, we refer the reader to fiUi ITT] and to the refer- 
ences therein. The existence and the stability of stationary solutions in with p ^ n, 
where n is the dimension of the space, is obtained in [25j, under the condition that the 
Reynolds number is sufficiently small, and in [5], El [13], [HI [31] under the assumption 
that the external force is sufficiently small. The stability of small stationary solutions 
of dLlD-dLSD in LP{R^) with p < 3 has been studied recently in P [2]. 

Notation. In this work, the usual norm of the Lebesgue space L^(M^) is denoted by 
II ■ lip for any p G [1, oo]. C^(M^) denotes the set of smooth and compactly supported 
functions. Here, we work with the Sobolev space H\M:^) = {/ G L'^(R^) : V/ G ^^(RS)} 
and with its homogeneous counterpart if^(]R^) = {/ G Ll^^{R^) : V/ G L^(M^)}. We use 
the following notation for the Banach spaces of divergence free vector fields: L^(R^) = 
{u G {LP{R^)f : div M = 0} and i?3(M^) = {u G {H\M.^)f : div m = 0} supplemented 
with usual norms. The constants (always independent of x and t) will be denoted by 
the same letter C, even if they vary from line to line. 

2 Results and comments 

We denote hj u = u{x,t) a solution of the Navier-Stokes system (Il.ip - (I1.30 with the 
external force F = 6(c) (5o, where 6(c) is defined in (II. 5p . and the initial datum uq = 
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+ Wq, where Vc is the singular stationary solution ( II ■4p and Wq e L^(]R^). Then 
the functions w{x,t) = u{x,t) — Vc{x) and 7r(x) = p{x) — Pc{x) satisfy the initial value 
problem 

wt- Aw+{w- V)w + {w ■ V)vc + {vc ■ V)w + Vtt = 0, (2.1) 

div w = 0, (2.2) 
w{x,0) = wo{x) . (2.3) 

The goal of this work is to show the existence of a global-in-time weak solution to problem 
fl2.ip - fl2.3l) in a usual energy space (see (12.71) below) and to study its convergence in 
L^(R'^) as t -7- oo zero. As in the classical work by Leray [18J, these solutions satisfy 
a suitable energy inequality. Here, however, in the proof of the L^-decay of solutions 
to fl2.ip - fl2.3p . we need a strong energy inequality, introduced by Masuda [2T] for the 
Navier-Stokes system fll.ll) - fll.3p . 

In our analysis, the crucial role is played by the Hardy-type inequality 



w ■ {w ■ V)vc dx 



^K{c)\\V^w\\l, (2.4) 



which is valid for all w G H^{M.^). Here, the function K = K{c) > satisfies lim|c|_^i K{c) 
+00 and lim|c|^+oo -^(c) = (see Theorem 13. 2[ below), hence, there exists Cq > 1 such 
that 

K{c) < 1 for all G M satisfying |c| ^ Cq > 1 . (2.5) 
In the next section, we deduce inequality (12.41) from the classical Hardy inequality 

^^p^dx^4/" |Vw(a;)pdx for all w G if(M^) (2.6) 

K3 \x\ Jjja 

which proof can be found e.g. in [18i Ch. I. 6]. 

First, we state the counterpart of the Leray result on the existence of weak solutions 
to the initial value problem f l2.ip -f l?]2|) . 



Theorem 2.1. Assume that Cq > 1 satisfies (12. 5p . For each c G M such that \c\ > Cq, 
every Wq G L'^{M.^), and every T > problem (12.11) - (12.31) has a weak solution in the 
energy space 

Xt = L:^{[0,T],LI{R')) nL'{[0,T],Hl{R')), (2.7) 
which satisfies the strong energy inequality 

\\w{t)\\l + 2(1 - K{c)) ® w{T)\\ldT ^ \\w{s)\\l (2.8) 

for almost all s ^ 0, including s = and allt^s. 
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Recall that, following a classical approach, a function w G Xt is a weak solution of 
problem ([2l])-([231) if 



(w(t),<^(t)) + 




(2.9) 



{w{s),^{s)) + / (u;,v2r) dr 



s 



for alH > s > and all if G C([0, cx)), H^{M.^)) n ^^([O, oo), ^^(MS))^ ^here (-, ■) is the 
standard L^-inner product. Notice that each term in (12. 9p containg the singular function 
Vc is convergent due to the Hardy inequality (12. 6p . see calculations in (I3.6p -( l3l7|) . below. 

The proof of Theorem 12.11 follows the well-known argument which we recall in Sec- 
tion [3l Here, we only recall that the most general result on the existence of weak so- 
lutions to the Navier-Stokes system in the exterior domain satisfying the strong energy 
inequality was proved by Miyakawa and Sohr |20j . 

The decay in L^(]R^) of weak solutions from Theorem 12.11 is the main result of this 
work. 

Theorem 2.2. Every weak solution w = w{x,t) to problem (12. II) - (12.31) satisfying the 
strong energy inequality (12. 8p has the property: limf^oo ||'U^(^)||2 = . 

Under additional assumptions on initial data, we find also the decay rate of ||iy(t)||2. 

Corollary 2.3. Under the assumptions of Theorem \2.S\ if, moreover, Wq G L^{M.^) fl 
L^(M'^) for some p G (|, 2), then there exists C > such that 



for all t > 0. 

3 Hardy-type inequality and existence of weak so- 
lutions 

First, we prove elementary pointwise estimates of the components of the matrix Vvc- 

Lemma 3.1. Let \c\ > 1. There exist functions Kj^k '■ (~oo, —1) U (1, oo) — )■ (0, oo) for 

every j, A; G {1, 2, 3} such that for all x G \ {0}, we have 



Moreover, functions Kj^k = Kj^c) have the following properties: lim|c|_^i Kj^c) = +oo 
and lim|c|_s.+oo -f^i,/c(c) = for allj,k G {1,2,3}. 



w 



(2.10) 




(3.1) 
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Proof. It follows from the explicit formula for Vc and Pc {cf. (11 ■4p ) that 

12 1 1 

= -p{x)xi + ^^^^ vl{x) = -p{x)x2, vl{x) = -p{x)x3, (3.2) 

and 

4 
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'(c^ — 2)|a;|^ + 3c|a;pa;i — 3c^|x|xf + cxf 
cx2{2\x\'^ — 3c\x\xi + xl) 



(3.3) 



cx3(2|x| — 3c|x|xi + xf] 



Moreover, using the expression for pc from (II. 4p and the notation s = ^^/\x\, we obtain 
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PK'^j — same way by (13. 3p . we have 



\xid^^Pcix)\ ^ 
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-1,1] (C - S)3 



ki,2{c) 



\x\ 



where ki^i = ^-q^ and ki^2 = (|^j'_'^)2 for i G {1, 2, 3}. Now, using the representation of Vc 
in terms of Pc from (13. 2p . we proceed in an analogous way to estimate all coefficients of 
the matrix {c^xj'^^c (^)}j,fc=i- ^ 

The following theorem is the immediate consequence of Lemma 13 . 1 1 and of the classical 
Hardy inequality (12. 6p . 

Theorem 3.2 (Hardy-type inequality) . There exists a function K : (— oo, — 1)U(1, oo) 
(0, oo) with the following properties 

lim K{c) = +00 and lim K{c) = 

c|— ^-l \c\—^+oo 

such that for all vector fields w G H'^{M.^), we have w ■ {w ■ V)fc G L^(]R^) together with 
the inequality 



w ■ {w ■ V)fc dx 



^ K{c)\\V ®w\\l. 



(3.4) 



Proof. Applying Lemma [3. H we get 



H{nj) 



w • {w ■ V)f c dx 



^ f f K(c) ^ 

\wjWk\\d^^v'^\dx ^ / — Iwjilwfcl dx. 
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where K{c) = maxj ^gji 2,3} Kj^k{c). Using the elementary inequahty a - h ^ {a? + &^)/2, 
we obtain 



3 3 



Finally, from the classical Hardy inequality fl2.6p . we have H{w) ^ /^(c) || V^wHl, where 
K{c) = 12K{c), which completes the proof of Theorem 13 .21 □ 

Now, we are in a position to sketch the construction of weak solutions to problem 



ZTJ-(E1. 



Proof of Theorem \2.1[ This is the standard reasoning based on the Galerkin method. 
Since if^(M^) is separable, there exists a sequence gi, g^, ■■■ which is free and total 
in if^(M^). For each m, we define an approximate solution Wm = '^^idim{t)gi, which 
satisfy the following system of ordinary differential equations 

{w'mit)^9j) + {^Wm{t),gj) + {{Wm{t) " V)w„(t), ^j) + ■ V)Vc, gj) 

+ {{vc-V)w„^{t),gj) + {VTT,gj) =0 for j = l,...,m, 

where (/, g) = J^, f{x) ■ g{x) dx. 

Let us prove that both terms in (13.51) containing the singular functions Vf c and Vc are 
convergent. First, using the estimates from Lemma [3.11 as in the proof of Theorem 13. 2[ 
we obtain 

3 

3 (3.6) 

E 



^ 1 /■ K(.<:) 



2 Jr> 







1 "^m, 1 ' 


- m 



kl=l 



Each term on the right-hand side of (13. 6p is finite due to the Hardy inequality (12.61) . 
Next, using the explicit formulas (II. 4p we immediately obtain | ■ |fc G (L°°(]R^))^ , hence 
the Schwarz inequality implies 

{{yc-W)wm{t),gj) i^\\\-\vc\\J\\\-\'^gj\\^\\ywm\\2- (3.7) 

The right-hand side of this inequality is finite because | ■ \''^gj G L^(M^) by the Hardy 
inequality (12. 6p . again. 

Now, we obtain a priori estimate of the sequence {wm}m=i tiy multiplying (13. 5p by 
djm and adding the resulting equations for j = l,2,...,m. Taking into account that 
div Wm = 0, we get 

l^\\Wm{i)\\l + II V ® Wrnit)\\l + ((w^(t) • V)v„Wmit)) = 0. 



Consequently, using inequality (13 ■4p and integrating from s to t, we obtain the estimate 
\\wmml + 2{l-K{c)) I \\yw^{s)\\lds^\\w{s)\\l. 

J s 

Now, repeating the classical reasoning from e.g. [281 Ch. III. Thm. 3.1], we obtain 
the existence of a weak solution in the energy space Xt defined in (12. 7p . which satisfies 
strong energy inequality (12. 8p . □ 



4 Linearized equation 

In the proof of the L^-decay of weak solutions to problem (I2.ip - (l2.3p . we use properties 
of solutions to the linearized Cauchy problem 

zt- /^z + {z-V)vc + {vc-V)z + V'K = e X (0,cx)), (4.1) 

div 2 = 0, (4.2) 
z(x,0) = zo(a;), x G Ml (4.3) 

Let us first recall that the Leray projector on divergence-free vector fields is defined by 
the formula Pf = f — VA~-^(V-f ) for sufficiently smooth vectors v = {vi{x) , V2{x) , v^lx)) . 
To give a meaning to P, it suffices to use the Riesz transforms Rj which are the pseudo- 
differential operators defined in the Fourier variables as RkfiO — ]f\f{0- Here, the 
Fourier transform of an integrable function v is given by v{^) = (27r)~^/^ J^^ e~*^'^f (x) dx. 
Applying these well-known operators we define (Pf )j = Vj + Ylk=i RjRkVk- 

Using the Leray projector P, we can formally transform system (I4.ip - (l4.2p into 

zt- /\z + ^{{z ■ V)v^ + I'{{yc ■ V)z^ = 0. 

Now, for simplicity, let us denote the linear operator 

Cz = -Az + f({z ■ V)vc^ + r(^{vc ■ V)z^ (4.4) 

and its adjoint operator in L^(M^) given by the formula 

C*z = -Az + (yvcfz - {vc ■ V)z. (4.5) 

In the following, we study these operators via the corresponding sesquilinear forms which 
defined for all z,v G Hl(M.^) as follows 



and 



ac{z,v) = / Vz-Vvdx+ / {z-V)vc-vdx+ / {vc-V)z-vdx (4.6) 

Jr3 Jir3 J^3 

ac*{z,v) = I Vz-Vvdx+ I iVv^)'^ z ■ v dx — I {vc-V)z-vdx. (4.7) 

JRS JR3 J]R3 

Our goal is to show that both operators —C and —C* (in fact, their closures in 
L^(R^)) are infinitesimal generators of analytic semigroups of linear operators on L^(]R^), 
provided condition (12.51) is satisfied. Here, we use the following abstract criterion. 
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Proposition 4.1. Let H be a Hilbert space and letV gH be a dense subspace. Assume 
that V is a Hilbert space with the inner product (-, ■)v and with the norm \\ ■ ||v such that 
for a constant C > we have ||a;||-^ ^ C*||s||v for all x E V. Let a{x,y) be a bounded 
sesquilinear form on V, which defines an operator A : T>{A) % as follows 

V{A) = {zeV: \a{z,v)\ ^ C\\vU,v G V}, {Az,v)n = a{z,v). 

Suppose that for some a > and Aq G M we have 

a\\z\\y ^Yle a{z, z) + \q\\z\\\i. (4.8) 

Then —A is the infinitesimal generator of a strongly continuous semigroup of linear 
operators on T-i which is holomorphic in a sector = {s G C : |Arg s\ < e} for some 
e>0. 

The result stated in Proposition 14.11 is essentially due to Lions |TS]. Its proof is a 
combination of theorems from [19j and ^23j and we do not include it here, because this 
is more or less standard reasoning. A detailed proof can be found e.g. either in [HI Prop. 
1.1] or in [221 Prop. 1.51]. 

Now, we apply Proposition 14.11 to study operator £ and £*. 

Theorem 4.2. Assume that \c\ ^ Cq, where Cq is defined in fl2.5p . Then the operators — £ 
and —C* defined in f l4.4p and f l4.5p are infinitesimal generators of strongly continuous 
semigroups of linear operators on L'^(R^) which are holomorphic in a sector {s G C : 
|Arg s\ < e} for a certain e = e{c) > 0. 

Proof We apply Proposition O with n = ^^(M^) and V = Hl(M.^). To show that the 
sesquilinear forms ac and a^* are bounded on V, it suffices to follow estimates from f l3.6p 
and f lXTj) . 

Condition fl4.8p for the sesquilinear form ac defined in ( 14. 6 p results immediately the 
following inequality 

a\\V ® z\\l ^ ac{z,z) (4.9) 

for a certain a > and all z G if^(M^). Here, we would like to recall that J^sivc ■ 
V)z ■ zdx = for div Vc = 0. Hence, estimate fl4.9p is a consequence of Hardy-type 
inequality f l3.4p : 

ac{z,z) = \\V ^ z\\l+ {z ■V)vc- zdx ^ {1 - K{c))\\V ® z\\l, (4.10) 

where K{c) < 1 for |c| ^ Cq > 1 by 02. 5p . Using Proposition 14.11 we complete the proof 
that the operator —C generates a holomorphic semigroup of linear operators on L^(]R^). 

An analogous argument applies to the adjoint operator — £*, where by Lemma [XT| 
we get 

ac*{z, z) = WV ^ z\\l + / {'Vvc)'^ z ■ z dx 

3 

> II V 0^11^- / V \d,y,\\z,\\zk\ ^ {1 - K{c))\\V (g z\\l 
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Applying Proposition I4.H we complete the proof of Theorem I4.2[ □ 

The following corollaries describe typical properties of generators of analytic semi- 
groups. We state them for the operator £, however, they are obviously valid for the 
adjoint operator £*, as well. 

Corollary 4.3. Under the assumptions of Theorem \4.^ the following inequality 

\\V®z\\2 ^ {l-K{c))\\C'/'z\\2 (4.11) 
holds true for all z G if^(M^). 

Proof. By the definition of a square root of nonnegative operators, we have ||£^/^2;||2 = 
ac{z, z). Hence to complete this proof, it suffices to recall inequality (14.101) . □ 

Corollary 4.4. Under the assumptions of Theorem \4.^ 

We-'^'zoh < \\zoh (4.12) 

for all zo e L2(R3) andt>0. 

Proof. Multiplying equation (14. ip by z and integrating over R^, we easily obtain energy 
equality 



1 d ,2 



\V®z{t)\\l + / {z ■V)vc- zdx = 0, 



because f^s{vc'V)z - zdx = by the condition div Vc = 0. Hence, the Hardy-type 
inequality (13. 4p yields 

lftMt)\\l + (1 - ^(^)) l|V ® mil < , (4.13) 

where 1 — K{c) ^ by (12. 5p . Now, it is sufficient to integrate from to t to obtain the 
inequahty fin2|l . □ 

Corollary 4.5. There exists a constant C > such that for all zq G L^(]R'^) the following 
inequalities 

WCe-'^^zoh^Ct-^Wzoh (4.14) 

and 

\\C'/'e-'^zo\\2^Ct-^\zo\\2 (4.15) 

hold true for all t > 0. 

Proof. Inequality (14.141) is the well-known property of analytic semigroups of linear op- 
erators (see e.g. [23l Theorem 5.2] for more details). Using properties of a square root 
of a nonnegative operator, the Schwarz inequality, inequality (I4.14p and Corollary 14. 4[ 
we obtain 

\\de-'^^\\l = |(£e-*^^,e-*^V')l ^ H^e-^^^lhHe-^^^lb ^ Ct-'Ml 
for all t>0. □ 
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Corollary 4.6. Under the assumptions of Theorem ^.^ for all zq G L^(]R^) 

lim ||e"*^2o||2 = 0. (4.16) 



t— >oo 



Proof. Let zq G L^(M^). Since the range of the operator £ is a dense subspace of 
L^(M^), for every e > there exists a function ip G Range(£) such that \\(p — zo\\2 < e. 
Consequently, applying Corollary 14.51 and Corollary 14. 4[ we obtain 

||e-*^^o||2 ^ ||e-*^(^o - V)h + I|e"*^^ll2 ^ e + ||£e-*^V^||2 ^ e + Ct-^Uh. 

where ip G Ti{C). Hence, limsupj_^3o ||e~*'^;zo||2 ^ ^- Since e > is arbitrarily small, we 
complete the proof. □ 

Corollary 4.7. Under the assumptions of Theorem \4.^ for all zq & L'^{ 



t.3\ 



t—^oo t 

Proof. Substituting s = tr, we get 

1 
t 



lim - / \\e''^Zo\\2ds = 0. (4.17) 



e "^^olb = / ||e ^^^ZoWidr. 



Now, the desired result follows from Corollaries 14.41 and 14.61 combined with the Lebesgue 
dominated convergence theorem. □ 



We conclude this section by showing the decay estimates of the semigroup e 



-tc 



Proposition 4.8 (Hypercontractivity). Assume that \c\ ^ Cq > 1, where Cq satisfies 
(12. 5p . For each p G (|,2) there exists a constant C = C{p) > such that for every 
zo G LP{R') 

||e-*^zo||2 ^ (4.18) 

for all t > 0. 

Proof. First, we consider the semigroup generated by the adjoint operator C* defined in 
(14. 5p . For every q G (2,6), using the Gagliardo-Nirenberg-Sobolev inequality, we obtain 



|(6-?)||v7.-t£* llf('?-2) 



||e-'^^^o||^^C^||e-'^ ;.o|ir 1Ve-'^^^o||| 
Next, applying Corollaries 14.41 and 14.51 with £ replaced by C*, we get 

||e-^*zo||^^C||.o|||^'"^^||(r)VV*^*zo|||^^-'^ 

^ C(^r5(5-i)||2Q||2y forallt>0. 

Hence, by a duality argument, we immediately deduce the inequality 

||e"*^-2o||2 ^ Ct~^^^~^^||;zo||p for all t > 0, 
withp = -^G(|,2). □ 
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5 Asymptotic stability of weak solutions 



To show the decay of ||w(t)||2, we use the approach from [1] which involves the weak 
L^-spaces. By this reason, let us recall the weak Marcinkiewicz L^-spaces {1 < p < oo), 
denoted as usual by L^'°° = which belong to the scale of the Lorentz spaces 

and contain measurable functions / = f{x) satisfying the condition 

|{xeM: |/(a;)| > A}| ^CA-f (5.1) 

for all A > and a constant C. One check that (15. ip is equivalent to 

/ \f{x)\dx ^C\E\-^ 

J E 

for every measurable set E with a finite measure, another constant C, and ^ + ^ = 1- 
This fact allows us to define the norm in 

ll/IU = sup {\E\-'^-^ j |/(x)| dx:EeB\ (5.2) 

J E 

where B is the collection of all Borel sets with a finite and positive measure. Recall 
the well-known imbedding C L^'°° being the consequence of the Markov inequality 
|{a; G M : |/(x)| > A}| ^ A~^/jg |/(x)pda;. Moreover, the following inequalities hold 
true: the weak Holder inequality: 

WfaW r,oo ^ ||/||p,oo||fi'||i},oo (5.3) 

for every 1 < p ^ oo (here L°°'°° = L°°), 1 < q < oo and 1 < r < cxd satisfying ~ = " + 
and the weak Young inequality 

p.oo II y II q.oo 

(5.4) 

for every 1 < p < oo, 1 < g < oo and 1 < r < oo satisfying 1 + ^ = ^ + ^. We refer 
reader to [1] for the proofs of the results stated above. 

The following lemma is extracted from reasonings contained in [3] and its proof is 
based on properties of the weak L^-spaces. 

Lemma 5.1. Assume that f E L-*^ ((0, +oo)) . For every a G (l,+oo] there exists a 
constant C > such that 




for all t > 0. Here, for a = +oo, the quantity ^ja should be replaced by 0. 
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Proof. First, consider i/a = 0. Using the definition of tlie norm fl5.2p in tlie weak L^- 
spaces, we liave 





1-1 J.3 








■I 2 * 




■I ^ * 



q,oo 



for every q G (l,oo) to be chosen later. Since, ||5'||p,oo ^ for all p G [l,oo], the 

weak Young inequality (15 ■4p implies 



1 11 , , 1 3 

Li ^ Ct~^\\ \ -1-2 



4 



4 



where 1 + ~ = | + r" Hence, however, we require = 1, hence g = 4. Since the 

function | ■ g L^'°°((0, +cxd)), we complete the proof of (15 .Sp in case a = +oo. 

For a G (0,+oo), applying an analogous argument involving the definition of the 
norm fl5.2p in the weak L^-spaces, the weak Young inequality (15 ■4p . we obtain 



1 











1 






■ ^ * ■ 
















J_ 1 1 1 


^ L.oo 1 





, " f 4 I (s) ds ^ t p , ,, 



1 II 


1 


1 




■ ^ * ■ 


a 



- J' - 1 

Q r 4 



•' llg,oo 

for every p,q E (1, oo) satisfying 1 + ^ = | + ^- Now, the weak Holder inequality (15 ■3p 
gives us 

L2 ^ crp\\\ - r^ii III . |-i|| ii/iiJ , 

^ ^ Nil ll2,ooll I I lla,ooll'' ll|r' 

where ~ = ~ + ~- Assuming = 1, we get Yp = 1/4 + y«. □ 

Lemma 5.2. There exists C > such that for all v,w e if^(]R^) and ip G L^(M^) the 
following estimate 

((!/;■ V)t;,e-*^>) < Cr^(||^||2||i;||2)^(|| VuibH Vt;^)^ H^lh (5.6) 
holds true for all t > 0. 

Proof. By inequalities (14. lip and (I4.15P (with C replaced by £*), we have || Ve~*^*?/'||2 ^ 
Ct^2 1|'?/'||2. Hence, a direct calculation involving the integration by parts, the Holder 
inequality and inequality (I4.12p leads to 

\{{w ■ V)w,e~*^*^)| = \[v,w ■ Ve"*^*?/^)| ^ \\v\\i\\w ■ Ve-*^*^||4 
^ ||t;||4||w||4||Ve"*^^/'||2 ^ Ct"2|| 

f lUlltt'lUII^/'lU. 



Hence, the proof is completed by the Sobolev inequality ||f||4 ^ C*|| Vt'||2 HflU , which 
holds true for all v G Hl{R^). □ 
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Proof of Theorem \2.2l Let w he a weak solution of system fl2.ip - fl2.3p in the space Xt 
defined in Theorem 12.11 which satisfies the strong energy inequahty (12. Sp . First, we show 
that 

hm - / \\w{s)\\2ds = 0. (5.7) 

t^OO t Jq 

Observe that inequahty (ESD imphes ||ty(-)||2 G L°°(0, oo) and ||Viy(-)||i G L^(0,oo). 
Now, with an arbitrary G C^(R^), we substitute v^(t) = e~^^~'^'>'~* if) into equation 
(12. 9p (with s = and t replaced by s) to obtain the following integral formulation of 
problem CT- flOj) 

{w{s),ij) = (e-'^wo^ip) + [ ((w Vw)(r),e-("-")^>)dr. (5.8) 



Here, in calculations leading to (15. 8p . one should transform the last term on the right- 
hand side of (12.91) in the following way 

ps PS ns 

/ (w, ipr) dr = (w, C*(p^ dr = {jCw, v?) dr 
Jo Jo Jo 

= / (Vw, Vifi) + (w ■ Vfc, ip) + (fc ■ Vw, (fi) 
Jo L 



dr. 



because div ip = 0. 

Hence, applying Lemma lS^ to estimate the nonlinear term in (15.81) and the L^-duality 
argument, we get 



\\w{s)\\2^\\e-''^Woh + C / {s-T)--^\\w{T)\\l\\Vw{T)\qdT 

Jo 

^ ||e"''^Wo||2 + Csup||«;(r)||| [ {s - t)-^\\Vw{t)\\I dr 

T>0 Jo 

since ||w(-)||2 G L°°(0, oo). Integrating from to t and multiplying by Y*, we obtain 

^ 1^ \\w{s)h ^'^jI \\^''''M2 + 7 (I ■ * II (s) ds . 

Now, since ||ViL'||2 G L^{{0, +oo)), we apply Lemma ET] with y« = to get the estimate 

If \\w{s)\\2ds^l [ We-'^wohds + Ct--^, (5.9) 

which proves (15. 7p by Corollary 14.71 

Next, notice that, by the strong energy inequality (12. 8p . ||w(t)||2 is a non-increasing 
function of t for almost alH ^ 0. Hence, for t > we obtain 

1 f' 1 







kWlh = -IkWIb / ds^-l \\w{s)\\2ds. (5.10) 



The proof is completed by (15. 7p . □ 
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Proof of Corollary \2.3[ Using the decay estimate from Proposition I4.8[ we have 

1 /•* 



t 



e ""^wohds ^ Ct 







for each p G (|,2) and alH > 0. Applying this inequality in (15 .Op and recalling f l5.10p . 
we complete the proof of the corollary in the case of j9 G [f , 2). 

Now, we notice that for p G (|, |) inequality (I5.9P implies ||it;(t)||2 ^ Ct~^ for all 
t > 0. Hence, repeating the reasoning from the proof of Theorem 12.21 and applying 
Lemma [5.11 with a = 8, we get the estimate 

jj^ \\w{s)hds ^^1^ We-^^wohds + j (l ■ * I ■ r^l|V«;(-)lll)(s)ds 

^ Ct'^^p~^^\\wo\\p + Ct-l, 

which proves decay estimate fl2.10p for p G [|, §)• Repeating this procedure finitely many 
times, we complete the proof for each p G (|, 2). □ 
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